Automated Complexity Analysis of Rewrite Systems

Florian Frohn

RWTH Aachen University, Germany

December 11, 2018

Automated Complexity Analysis of Rewrite Systems 1



Automated Complexity Analysis of Rewrite Systems

Florian Frohn

RWTH Aachen University, Germany

December 11, 2018

Automated Complexity Analysis of Rewrite Systems 1



Automated Complexity Analysis of Rewrite Systems

Florian Frohn

RWTH Aachen University, Germany

December 11, 2 Microsoft Windows &

The application is not responding. The program may
respond again if you wait.

Do you want to end this process?

End Process l I Cancel ]

Automated Complexity Analysis of Rewrite Systems 1



What is Complexity Analysis?

input: z,y € N
z=0
while z > 0 do
r=x—1
z=z+Y
end
return z
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What is Complexity Analysis?

input: z,y € N

2= 0 o z loop iterations
while 2 > 0 do o 5 operations per iteration
r=x—1 o complexity 5-x + 2
z=zty o upper bound: 7-x +4, ...
end o lower bound: = +1, ...
return z

Goal: compute such bounds automatically
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Complexity Analysis with AProVE
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Rule-Based Representation of Programs
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What is Rewriting?

Rule-Based Representation of Programs

Example (Integer Transition System (ITS))

init(z,y) EN while(x,y,0) [z
while(z,y, 2) 5 while(z — 1,y,z+y) [z >0]
1
%

while(z,y, 2) return(z) [z = 0]
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What is Rewriting?

Rule-Based Representation of Programs

input: z,y € N
Example (Integer Transition System (ITS)) z=0
1 while z > 0 do
init(z,y) — while(z,y,0) [z>0Ay > 0] T
while(x,y, 2) 5, while(z — 1,y,2+y) [z >0 z=z+4y
while(z,y, 2) EN return(z) [z = 0] end
return z
Example (Term Rewrite System (TRS))
length(cons(z,z’)) — s(length(z’))
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The application is not responding. The program may
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@ Introduction
@ Lower Bounds for ITSs
@ Lower Bounds for TRSs

@ Constant Upper Bounds for TRSs
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Evaluating ITSs

Example (ITS)

while(z,y, 2) 5 while(z — 1,y,z+y) [z >0]
1
%

while(z,y, 2) return(z) [z = 0]
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Evaluating ITSs

Example (ITS)

while(z,y, 2) 5 while(z — 1,y,z+y) [z >0]
1
%

while(z,y, 2) return(z) [z = 0]

Example (Evaluation)
while(2,2,0) | [z/2,y/2,2/0] Fx >0
5 while(1,2,2) | [z/1,y/2,2/2] Ex >0
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Loop Acceleration

Example (Loop Acceleration)

while(z,y, 2) 5 while(z — 1,y,2+y) [z > 0]

Automated Complexity Analysis of Rewrite Systems 8



Loop Acceleration

Example (Loop Acceleration)

while(z,y, 2) 5 while(z — 1,y,2+y) [z > 0]
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Example (Loop Acceleration)
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Example
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n
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while(z,y,2) — return(z) [z = 0]
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Example
init(z,y) RN while(z,y,0) [x>0Ay >0
while(z,y,0) RN while(0,y,y-z) [z > 0]
while(z,y, 2) EN return(z) [x = 0]
Qe 5-r+2
M~ init(z,y) —= return(y - z) [x>0Ay > 0]

RWTH
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Example
init(x,y) EX while(z,y,0) [z >0Ay > 0]
while(z,y,0) -5 while(0,y,y-x) [z > 0]
while(x,y, 2) EN return(z) [z = 0]
- 5242
M~ init(z,y) return(y - x) [x>0Ay > 0]

" whole program compressed into a single rule

~ lower bound 5-z+2forallz >0,y >0

Works for arbitrary programs!
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Lower Bounds for ITSs — Wrap-Up

first technique to infer worst case lower bounds for ITSs

RWTH

Automated Complexity Analysis of Rewrite Systems
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first technique to infer worst case lower bounds for ITSs

o key idea: loop acceleration
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first technique to infer worst case lower bounds for ITSs

o key idea: loop acceleration
o many other features, e.g.:

RWTH

Automated Complexity Analysis of Rewrite Systems



Lower Bounds for ITSs — Wrap-Up

first technique to infer worst case lower bounds for ITSs

o key idea: loop acceleration
o many other features, e.g.:
o non-determinism
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Lower Bounds for ITSs — Wrap-Up

first technique to infer worst case lower bounds for ITSs

o key idea: loop acceleration
o many other features, e.g.:
o non-determinism
o asymptotic bounds
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Lower Bounds for ITSs — Wrap-Up

first technique to infer worst case lower bounds for ITSs

o key idea: loop acceleration
o many other features, e.g.:
o non-determinism
o asymptotic bounds

o recursive void functions

SMT encodings

©
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Lower Bounds for ITSs — Wrap-Up

first technique to infer worst case lower bounds for ITSs

o key idea: loop acceleration
© many other features, e.g.: \ LoAT \

o non-determinism rc(n) [ Q1) [ Qn) | Qn?) [ Q%) [ Q(n') | EXP
kel TS e

o asymptotic bounds s (LO) | (132) | - _ - _ - -
. d functi Sl[om | 37 [ 126 | - - - - -
o recursive void functions . Fomy | 8 n 35 — - - —
o SMT encodings glfom*] 2 - - - -
° ool I 0 T I I - |-
SIEXP| - - - - - 5 -
00 53 31 1 - - - 176
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@ Introduction
@ Lower Bounds for ITSs
@ Lower Bounds for TRSs

@ Constant Upper Bounds for TRSs
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Evaluating TRSs

Example (TRS)
inf(y) — cons(y,inf(s(y))) ’
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Evaluating TRSs

Example (TRS)
inf(y) — cons(y,inf(s(y))) ’

Example (Evaluation)

inf(0)
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Evaluating TRSs

Example (TRS)
inf(y) — cons(y,inf(s(y))) ’

Example (Evaluation)

inf(0) [v/0]
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Evaluating TRSs

Example (TRS)
inf(y) — cons(y,inf(s(y))) ’

Example (Evaluation)
inf(0) [v/0]
— cons(0,1inf(s(0)))
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Evaluating TRSs

Example (TRS)
inf(y) — cons(y,inf(s(y))) ’

Example (Evaluation)

inf(0) [y/0]
— cons(0,1inf(s(0))) [y/s(0)]
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Evaluating TRSs

Example (TRS)
inf(y) — cons(y,inf(s(y))) ’

Example (Evaluation)
inf(0) [y/0]

— cons(0,1inf(s(0))) [y/s(0)]

— cons(0, cons(s(0),inf(s(s(0)))))
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Evaluating TRSs

Example (TRS)
inf(y) — cons(y,inf(s(y))) ’

Example (Evaluation)

inf(0) [y/0]
— cons(0,1inf(s(0))) [y/s(0)]
— cons(0, cons(s(0), inf(s(s(0))))) | [y/s(s(0))]
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Evaluating TRSs

Example (TRS)
inf(y) — cons(y,inf(s(y))) ’

Example (Evaluation)

inf(0) [y/0]
— cons(0,1inf(s(0))) [y/s(0)]
— cons(0, cons(s(0), inf(s(s(0))))) | [y/s(s(0))]
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Evaluating TRSs

Example (TRS)
inf(y) — C(HlS<y,inf(S(y)))’

Loop
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Evaluating TRSs

Example (TRS)
inf(y) — cons(y,inf(s(y))) ’

Loop = Non-Termination
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Evaluating TRSs

Example (TRS)
inf(y) — cons(y,inf(s(0))) ’

Loop = Non-Termination
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Decreasing Loops

Example ’

length(cons(z,z’)) — s(length(z’))
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Decreasing Loops

Example ’

length(cons(z,z’)) — s(length(z’))

Loop
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Decreasing Loops

Example
length(cons(z, z')) — s(length(z’)) J

Decreasing Loop Loop
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Decreasing Loops

Example
length(cons(z, z')) — s(length(z’)) J

Decreasing Loop = Linear Lower Bound Loop
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Decreasing Loops

Example
length(cons(z,z')) — s(length(nil))J

Decreasing Loop =~ Linear Lower Bound Loop
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Decreasing Loops

Example
length(cons(z, z')) — s(length(z’)) J

Decreasing Loop = Linear Lower Bound Loop
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Decreasing Loops

Example

length(cons(z,2’)) —  s(length(a’))
~  length(cons(z,2’),y) — length(z/,s(y))
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Decreasing Loops

Example

length(cons(z,z’)) — s(length(z'))
~ length(cons(z,2’),y) — length(z/,s(y))

Decreasing Loops Loops
— —
A 1 ' y v /\
/ \ / \
/ 0\ L\
I ﬁr,—\

RWTH

Automated Complexity Analysis of Rewrite Systems



Decreasing Loops

Example

length(cons(z,z’)) — s(length(z'))
~ length(cons(z,2’),y) — length(z/,s(y))

Decreasing Loops Revised

N 7
3 X
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Decreasing Loops — Results

Theorem
If a TRS has a decreasing loop, then its complexity is at least linear. l
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Decreasing Loops — Results

Theorem

If a TRS has a decreasing loop, then its complexity is at least linear. l

Theorem

If a TRS has several compatible decreasing loops, then its complexity is at least exponential. l
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Decreasing Loops — Results

Theorem

If a TRS has a decreasing loop, then its complexity is at least linear. ’

Theorem

If a TRS has several compatible decreasing loops, then its complexity is at least exponential. ’

Example (Compatible Decreasing Loops)
fib(s(s(z))) — plus(fib(s(z)),fib(z)) ’
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Decreasing Loops — Results

Theorem

If a TRS has a decreasing loop, then its complexity is at least linear. l

Theorem

If a TRS has several compatible decreasing loops, then its complexity is at least exponential. l

Theorem

Linear lower bounds are not semi-decidable.

Example (Compatible Decreasing Loops)
fib(s(s(x))) — plus(fib(s(z)), fib(x)) ’
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Decreasing Loops — Results

Theorem

If a TRS has a decreasing loop, then its complexity is at least linear. ’

Theorem

If a TRS has several compatible decreasing loops, then its complexity is at least exponential. ’

Theorem

Linear lower bounds are not semi-decidable.

’ Example (Compatible Decreasing Loops) ’

TETE— ’ fib(s(s(x))) — plus(fib(s(x)),fib(x))

Decreasing loops are incomplete.

RWTH

Automated Complexity Analysis of Rewrite Systems



Lower Bounds for TRSs — Wrap-Up

first technique to infer worst case lower bounds for TRSs
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Lower Bounds for TRSs — Wrap-Up

first technique to infer worst case lower bounds for TRSs

o key idea: generalize loops
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Lower Bounds for TRSs — Wrap-Up

first technique to infer worst case lower bounds for TRSs

o key idea: generalize loops
o linear, exponential, infinite bounds
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Lower Bounds for TRSs — Wrap-Up

first technique to infer worst case lower bounds for TRSs

o key idea: generalize loops
o linear, exponential, infinite bounds
o quadratic, cubic, ...?
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Lower Bounds for TRSs — Wrap-Up

first technique to infer worst case lower bounds for TRSs

o key idea: generalize loops

o linear, exponential, infinite bounds
o quadratic, cubic, ...?
~ “induction technique”
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Lower Bounds for TRSs — Wrap-Up

first second technique to infer worst case lower bounds for TRSs

o key idea: generalize loops

o linear, exponential, infinite bounds
o quadratic, cubic, ...?
~ “induction technique”
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Lower Bounds for TRSs — Wrap-Up

first second technique to infer worst case lower bounds for TRSs

o key idea: generalize loops

o linear, exponential, infinite bounds
o quadratic, cubic, ...?
~ “induction technique”

o incomplete
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Lower Bounds for TRSs — Wrap-Up

first second technique to infer worst case lower bounds for TRSs

o key idea: generalize loops
o linear, exponential, infinite bounds
o quadratic, cubic, ...?
~ “induction technique” ’ AProVE
o incomplete Q) | Qn) | EXP | o0
66 600 143 | 90
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@ Introduction
@ Lower Bounds for ITSs
@ Lower Bounds for TRSs

@ Constant Upper Bounds for TRSs
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Narrowing

Example (from TPDB)

fla)  — gh(a)
h(g(z)) — gn(f(2)))
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Narrowing

Example (from TPDB)

f(a)  — g(h(a))

Definition (Narrowing) ’
h(g(z)) — g(h(f(x)))

Just like rewriting, but with unification instead of matching.
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Narrowing

Example (from TPDB)

f(a)  — g(h(a))

Definition (Narrowing) \
h(g(z)) — g(h(f(x)))

Just like rewriting, but with unification instead of matching.

Example (Evaluation)

h(y)
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Narrowing

Example (from TPDB)

f(a)  — g(h(a))

Definition (Narrowing) \
h(g(z)) — gh(f(z)))

Just like rewriting, but with unification instead of matching.

Example (Evaluation)

h(y) ly/g(x)]
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Narrowing

Example (from TPDB)

f(a)  — g(h(a))

Definition (Narrowing) \
h(g(z)) — gh(f(z)))

Just like rewriting, but with unification instead of matching.

Example (Evaluation)

h(y) ly/g(x)]
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Narrowing

Example (from TPDB)

f(a)  — g(h(a))

Definition (Narrowing) \
h(g(z)) — g(h(f(x)))

Just like rewriting, but with unification instead of matching.

Example (Evaluation)

h(y) ly/g(2)]
~  g(h(£(2))) [z/a]
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Narrowing

Example (from TPDB)

f(a)  — g(h(a))

Definition (Narrowing) \
h(g(z)) — g(h(f(x)))

Just like rewriting, but with unification instead of matching.

Example (Evaluation)

h(y) ly/g(2)]
~  g(h(£(2))) [z/a]
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Narrowing

Example (from TPDB)

f(a)  — g(h(a))

Definition (Narrowing) \
h(g(r)) — gh(f(z)))

Just like rewriting, but with unification instead of matching.

Example (Evaluation)
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Narrowing

Example (from TPDB)

f(a)  — g(h(a))

Definition (Narrowing) \
h(g(r)) — gh(f(z)))

Just like rewriting, but with unification instead of matching.

Example (Evaluation)

h(y) lv/g(x)]
v g(h(f(x))) [z/a]
v g(h(g(r(a)))) | [r/n(a)]
v g(gh(f(h(a)))))
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Constant Upper Bounds

Theorem
The complexity of a TRS is constant iff narrowing terminates for all terms £(x1,...,zy). ’
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Constant Upper Bounds

Theorem

The complexity of a TRS is constant iff narrowing terminates for all terms £(x1,...,x,) ’

Lemma

Constant complexity is semi-decidable. l
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Constant Upper Bounds — Wrap-Up

semi-decision procedure for constant bounds
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Constant Upper Bounds — Wrap-Up

semi-decision procedure for constant bounds

key idea: use narrowing
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Constant Upper Bounds — Wrap-Up

semi-decision procedure for constant bounds

key idea: use narrowing

~ AProVE can (dis-)prove constant complexity in almost all cases
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Constant Upper Bounds — Wrap-Up

semi-decision procedure for constant bounds

key idea: use narrowing

~ AProVE can (dis-)prove constant complexity in almost all cases

Evaluation (TPDB — 899 examples)

o succeeds for all 57 TRSs with constant complexity
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Constant Upper Bounds — Wrap-Up

semi-decision procedure for constant bounds

key idea: use narrowing

~ AProVE can (dis-)prove constant complexity in almost all cases

Evaluation (TPDB — 899 examples)
o succeeds for all 57 TRSs with constant complexity

o solves 6 examples that couldn’t be solved before
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What's next?

o integers and data structures
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What's next?

o integers and data structures

o floats, arrays, ...
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What's next?

o integers and data structures
o floats, arrays, ...

o underapproximating program transformations
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What's next?

Integer Transition System
’ Program (Java, C, ...) ‘ SE-Graph Term Rewrite System

Upper Bound

AProVE
CoFloCo
LoAT

o integers and data structures
o floats, arrays, ...

o underapproximating program transformations
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What's next?

Integer Transition System
’ Program (Java, C, ...) ‘ SE-Graph Term Rewrite System

Upper Bound

AProVE
CoFloCo
LoAT

o integers and data structures
o floats, arrays, ...

o underapproximating program transformations
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What else?

15
16
17
17
17
17
18

Induction Technique for TRSs

Lower Bounds for ITSs

Decreasing Loops for TRSs

Upper Bounds for TRSs (full rewriting)
Upper Bounds for TRSs (innermost rewriting)

Upper Bounds for Java

—0——0——0——0——0——0——0—

Constant Upper Bounds for TRSs

RTA
IJCAR
JAR
LPAR
FroCoS
iFM
IPL
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What else?

15
16
17
17
17
17
18

Induction Technique for TRSs

Lower Bounds for ITSs

Decreasing Loops for TRSs

Upper Bounds for TRSs (full rewriting)
Upper Bounds for TRSs (innermost rewriting)
Upper Bounds for Java

Constant Upper Bounds for TRSs

— O O OO O——O——O—

RTA
IJCAR
JAR
LPAR
FroCoS
iFM
IPL
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What else?

15
16
17
17
17
17
18

Induction Technique for TRSs

Lower Bounds for ITSs

Decreasing Loops for TRSs

Upper Bounds for TRSs (full rewriting)
Upper Bounds for TRSs (innermost rewriting)
Upper Bounds for Java

Constant Upper Bounds for TRSs

— O O OO O——O——O—

RTA
IJCAR
JAR
LPAR
FroCoS
iFM
IPL
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What else?

15 + Induction Technique for TRSs RTA

'16 ¢ Lower Bounds for ITSs lICAR

17 + Decreasing Loops for TRSs JAR

17 + Upper Bounds for TRSs (full rewriting) LPAR

"17 + Upper Bounds for TRSs (innermost rewriting) FroCoS

17 + Upper Bounds for Java iFM

'18 + Constant Upper Bounds for TRSs IPL
Termination and Complexity Analysis for C [JCAR '14, SEFM '16, JAR '17, JLAMP '18
AProVE Tool Papers [JCAR '14, JAR '17 RWNTH
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What else?

15 + Induction Technique for TRSs RTA

'16 ¢ Lower Bounds for ITSs Thank you! |k

17 + Decreasing Loops for TRSs JAR

17 + Upper Bounds for TRSs (full rewriting) LPAR

"17 + Upper Bounds for TRSs (innermost rewriting) FroCoS

17 + Upper Bounds for Java iFM

'18 + Constant Upper Bounds for TRSs IPL
Termination and Complexity Analysis for C [JCAR '14, SEFM '16, JAR '17, JLAMP '18
AProVE Tool Papers [JCAR '14, JAR '17 RWNTH
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AProVE at TermComp

points of AProVE
points of best competitor

ITS | 2016 | 2017 | 2018
w/ lower bounds | 2.09 | N/A | 2.60
w/o lower bounds | 0.66  N/A | 0.92

TRS | 2014 | 2015 | 2016 | 2017 | 2018
innermost | 1.05 | 2.73 | 1.18 N/A | 1.79
full - 294 1123 | N/A | 1.70

Automated Complexity Analysis of Rewrite Systems
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Recurrence Solving

Example (Recurrence Solving)

y(v+1) —= 1 f— y(”)

x(v"’_l) = x(’U) + 1— 3y(v)

s < dogeecy

) = 11D’ —s5y—3v+35(-1)’y+z
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