Complexity Analysis for Term Rewriting by Integer

Transition Systems

Florian Frohn'
Matthias Naaf', Marc Brockschmidt?, Carsten Fuhs®, and Jiirgen Giesl*

LRWTH Aachen University, Germany
2Microsoft Research, Cambridge, UK
3Birkbeck, University of London, UK

September 8, 2017



Analyzing Insertion Sort by Hand

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
if (false, x, cons(y, ys))
gt(0,y)

gt(s(x), 0)

( (x),s(y))

LLibyppdyd

ys
isort(xs, insert(x, ys))
cons(x, nil)

if(gt(x,y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)




Analyzing Insertion Sort by Hand

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
)

')

)

)

if (false, x, cons(y, ys

LLibyppdyd

ys
isort(xs, insert(x, ys))
cons(x, nil)

if(gt(x,y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)

Note: innermost reduction strategy




Analyzing Insertion Sort by Hand

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
if (false, x, cons(y, ys))
gt(0,y)

gt(s(x),0)

g ( (x),s(y))

° gt(x,y): O(x)

LLilypypdyd

ys
isort(xs, insert(x, ys))
cons(x, nil)

if(gt(x,y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)

Note: innermost reduction strategy




Analyzing Insertion Sort by Hand

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
if (false, x, cons(y, ys))
.Y)

)

)

(( )S(y)

e gt(x,y): O(x)

e insert(x, ys): O(length(ys) -

LLibppdyd

ys
isort(xs, insert(x, ys))
cons(x, nil)

if(gt(x,y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)

Note: innermost reduction strategy




Analyzing Insertion Sort by Hand

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
if (false, x, cons(y, ys))
.Y)

)

)

(( )S(y)

e gt(x,y): O(x)

e insert(x, ys): O(length(ys) -

LLibyprdyd

X)

ys
isort(xs, insert(x, ys))
cons(x, nil)

if(gt(x,y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)

Note: innermost reduction strategy




Analyzing Insertion Sort by Hand

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
if (false, x, cons(y, ys))
')

)

)

(( )S(y)

e gt(x,y): O(x)

e insert(x, ys): O(length(ys) -
e isort(xs, ys): O(length(xs) -

LLilyppdyd

X)

)

ys
isort(xs, insert(x, ys))
cons(x, nil)

if(gt(x,y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)

Note: innermost reduction strategy




Analyzing Insertion Sort by Hand

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
if (false, x, cons(y, ys))
')

)

)

(( )S(y)

° gt(x,y): O(x)

e insert(x, ys): O(length(ys) -

LLilyppdyd

x)

ys
isort(xs, insert(x, ys))
cons(x, nil)

if (gt(x, y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)

e isort(xs, ys): O(length(xs) - (length(xs) + length(ys)) - max(xs))

Note: innermost reduction strategy



Relative Rules

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
if (false, x, cons(y, ys))
gt(0,y)

( (x), 0)

s(v))

(() y)

° gt(x,y): O(x)

o insert(x, ys): O(length(ys) -
e isort(xs, ys): O(length(xs) - (length(xs) + length(ys)) - max(xs))

Jrpirfrd Ll L]

x)

ys
isort(xs, insert(x, ys))
cons(x, nil)

if(gt(x,y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)

Note: innermost reduction strategy



Relative Rules

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
if (false, x, cons(y, ys))
gt(0,y)

( (x), 0)

s(v))

(() y)

° gt(x,y): O(1)

o insert(x, ys): O(length(ys) -
e isort(xs, ys): O(length(xs) - (length(xs) + length(ys)) - max(xs))

Jrpirfrd Ll L]

x)

ys
isort(xs, insert(x, ys))
cons(x, nil)

if(gt(x,y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)

Note: innermost reduction strategy



Relative Rules

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
if (false, x, cons(y, ys))
gt(0,y)

( (x), 0)

s(v))

(() y)

° gt(x,y): O(1)

e insert(x, ys): O(length(ys))
e isort(xs, ys): O(length(xs) - (length(xs) + length(ys)) - max(xs))

Jrpirfrd Ll L]

ys
isort(xs, insert(x, ys))
cons(x, nil)

if(gt(x,y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)

Note: innermost reduction strategy



Relative Rules

isort(nil, ys)
isort(cons(x, xs), ys)
insert(x, nil)
insert(x, cons(y, ys))
if (true, x, cons(y, ys))
if (false, x, cons(y, ys))
gt(0,y)

( (x), 0)

s(v))

(() y)

° gt(x,y): O(1)

e insert(x, ys): O(length(ys))

Jrpirfrd Ll L]

ys
isort(xs, insert(x, ys))
cons(x, nil)

if(gt(x,y), x, cons(y, ys))
cons(y, insert(x, ys))
cons(x, cons(y, ys))

false

true

gt(x,y)

e isort(xs, ys): O(length(xs) - (length(xs) + length(ys)))

Note: innermost reduction strategy



AProVE

isort(nil,ys) — ys
isort(cons(x, xs),ys) — isort(xs,insert(x, ys))
insert(x, nil) — cons(x, nil)
insert(x, cons(y,ys)) — if(gt(x,y),x,cons(y,ys))
if (true, x, cons(y, ys)) — cons(y, insert(x, ys))
if(false, x, cons(y, ys)) — cons(x,cons(y, ys))
gt(0,y) — false
gt(s(x),0) — true
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Dlild 44 4l
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2 4k 5%
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isort(xs’, ys)
isort(xs’, ys)
insert(x, ys')
insert(x, ys')
if (b, x, ys")
if (b, x, ys")
gt(x',y")
gt(x',y")
gt(x',y’)

ys
isort(xs, insert(x, ys))
2 4k 5%
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1
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le e e = b= = = = =

xs' =1
xs' =14+ x4+ xs
ys' =1

ys'=1+y+ys
b=1Ays'=1+y+ys
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x' =1
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Bird's Eye View

isort(xs’,ys) — ys | xs'=1
isort(xs’, ys) —» isort(xs,insert(x,ys)) | xs'=1+x+xs
insert(x,ys') = 2+x | ys'=1
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e note: variables range over N
@ just 4+ and -
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Bird's Eye View
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isort(xs’, ys) —» isort(xs,insert(x,ys)) | xs'=1+x+xs

insert(x,ys') = 2+x | ys'=1

insert(x,ys')  — if(b, x,ys') | ys'=1+4y+ysAb<1
if(b,x,ys') = 1+ y+ insert(x, ys) | b=1Ays'=1+y+ys
if(b,x,ys') > 1+ys | b=1Ays' =1+y+ys

© abstract terms to integers

e note: variables range over N

@ just 4+ and -
@ analyze result-size for bottom-SCC using standard tools
© analyze runtime of bottom-SCC using standard tools



Abstracting Terms to Integers



Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

] arbitrary start terms \ ground start terms \

h(x) — f(g(x)) f(x) — f(x) g(a) — g(a)




Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

] arbitrary start terms \ ground start terms \

h(x) — f(g(x)) f(x) — f(x) g(a) — g(a)

innermost rewriting: h(x) — f(g(x)) — f(g(x)) — ...




Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

] arbitrary start terms \ ground start terms \

h(x) = f(g(x))  f(x) =f(x)  ga) = sg)
innermost rewriting: h(x) — f(g(x)) — f(g(x)) — ... O(o0)




Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

’ arbitrary start terms ‘ ground start terms ‘

h(x) = f(g(x))  f(x) =f(x)  ga) = sg)
innermost rewriting: h(x) — f(g(x)) — f(g(x)) — ... O(o0)

@ Just ground rewriting?



Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

’ arbitrary start terms ‘ ground start terms ‘

h(x) = f(g(x))  f(x) =f(x)  ga) = sg)
innermost rewriting: h(x) — f(g(x)) — f(g(x)) — ... O(o0)

ground rewriting: h(a) — f(g(a)) — f(g(a)) — ...

@ Just ground rewriting?



Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

’ arbitrary start terms ‘ ground start terms ‘

h(x) = f(g(x))  f(x) =f(x)  ga) = sg)
innermost rewriting: h(x) — f(g(x)) — f(g(x)) — ... O(o0)

ground rewriting: h(a) — f(g(a)) — f(g(a)) — ... 0(1)

@ Just ground rewriting?



Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

’ arbitrary start terms ‘ ground start terms ‘

h(x) = f(g(x))  f(x) =f(x)  ga) = sg)
innermost rewriting: h(x) — f(g(x)) — f(g(x)) — ... O(o0)

ground rewriting: h(a) — f(g(a)) — f(g(a)) — ... 0(1)

@ Just ground rewriting? e Add terminating variant of relative rules!



Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

’ arbitrary start terms ‘ ground start terms ‘

h(x) = f(g(x))  f(x) =f(x)  ga) = sg)
innermost rewriting: h(x) — f(g(x)) — f(g(x)) — ... O(o0)
ground rewriting: h(a) — f(g(a)) — f(g(a)) — ... 0(1)

@ Just ground rewriting? e Add terminating variant of relative rules!

Definition

N is a terminating variant of S if A/ terminates and every N-normal form
is an S-normal form.




Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

’ arbitrary start terms ‘ ground start terms ‘

h(x) = f(g(x))  f(x) = f(x)  ga) —>eld) gl)—a
innermost rewriting: h(x) — f(g(x)) — f(g(x)) — ... O(o0)
ground rewriting: h(a) — f(g(a)) — f(g(a)) — ... 0(1)

@ Just ground rewriting? e Add terminating variant of relative rules!

Definition

N is a terminating variant of S if A/ terminates and every N-normal form
is an S-normal form.




Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

’ arbitrary start terms ‘ ground start terms ‘

h(x) = f(g(x))  f(x) =f(x)  gl)—sgl) gl)—a
innermost rewriting: h(x) — f(g(x)) — f(g(x)) — O(o0)
ground rewriting: h(a) — f(g(a)) — f(g(a)) — ... 0(1)
with terminating variant: h(a) — f(g(a)) — f(a) — f(a) — ...

@ Just ground rewriting? e Add terminating variant of relative rules!

Definition

N is a terminating variant of S if A/ terminates and every N-normal form
is an S-normal form.




Terminating Variants

’ Term Rewriting ‘ Integer Transition Systems ‘

’ arbitrary start terms ‘ ground start terms ‘

h(x) = f(g(x))  f(x) = f(x)  ga) —>eld) gl)—a
innermost rewriting: h(x) — f(g(x)) — f(g(x)) — O(o0)
ground rewriting: h(a) — f(g(a)) — f(g(a)) — ... 0(1)
with terminating variant: h(a) — f(g(a)) — f(a) — f(a) — ... O(x)

@ Just ground rewriting? e Add terminating variant of relative rules!

Definition

N is a terminating variant of S if A/ terminates and every N-normal form
is an S-normal form.




Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

f(x) — f(g(a)) g(b(a)) — a




Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

Example

f(x) — f(g(a)) g(b(a)) — a

original TRS: f(a) — f(g(a)) — f(ga)) — ...




Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

f(x) — f(g(a)) g(b(a)) — a
original TRS: f(a) — f(g(a)) — f(ga)) — ... O(o0)




Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

f(x) — f(g(a)) g(b(a)) — a
original TRS: f(a) — f(g(a)) — f(g(a)) — . .. O(0)
resulting ITS: f(1) 5 f(g(1))




Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

f(x) — f(g(a)) g(b(a)) — a
original TRS: f(a) — f(g(a)) — f(g(a)) — . .. O(0)
resulting ITS: f(1) 5 f(g(1)) 0(1)




Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

f(x) — f(g(a)) g(b(a)) — a
original TRS: f(a) — f(g(a)) — f(g(a)) — . .. O(0)
resulting ITS: f(1) 5 f(g(1)) 0(1)

Definition

| A\

A TRS is completely defined iff its ground normal forms do not contain
defined symbols.

A\

15



Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

f(x) — f(g(a)) g(b(a)) — a g(x) —a
original TRS: f(a) — f(g(a)) — f(g(a)) — . .. O(0)
resulting ITS: f(1) 5 f(g(1)) 0(1)

Definition

| A\

A TRS is completely defined iff its ground normal forms do not contain
defined symbols.

A\

15



Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

f(x) — f(g(a)) g(b(a)) — a g(x) —a
original TRS: f(a) — f(g(a)) — f(g(a)) — . .. O(0)
resulting ITS: f(1) 5 f(g(1)) 0(1)

ITS after completion: f(1) EN f(g(1)) N f(1) EN f(g(1)) 5

| \

Definition
A TRS is completely defined iff its ground normal forms do not contain
defined symbols.

A\

15



Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

f(x) — f(g(a)) g(b(a)) — a g(x) —a
original TRS: f(a) — f(g(a)) — f(g(a)) — ... O(o0)
resulting ITS: f(1) 5 f(g(1)) 0(1)
ITS after completion: f(1) 5 f(g(1)) % (1) 5 f(g(1)) > ... O(x)

| A\

Definition
A TRS is completely defined iff its ground normal forms do not contain
defined symbols.

A\

15



Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

f(x) — f(g(a)) g(b(a)) — a g(x) —a
original TRS: f(a) — f(g(a)) — f(g(a)) — ... O(o0)
resulting ITS: f(1) 5 f(g(1)) 0(1)
ITS after completion: f(1) 5 f(g(1)) % (1) 5 f(g(1)) > ... O(x)

| A\

Definition
A TRS is completely defined iff its well-typed ground normal forms do not
contain defined symbols.

A\

15



Completion

| Term Rewriting | Integer Transition Systems |

’ arbitrary matchers ‘ just integer substitutions ‘

f(x) — f(g(a)) g(b(a)) — a g(x) —a
original TRS: f(a) — f(g(a)) — f(g(a)) — ... O(o0)
resulting ITS: f(1) 5 f(g(1)) 0(1)
ITS after completion: f(1) 5 f(g(1)) % (1) 5 f(g(1)) > ... O(x)

Definition
A TRS is completely defined iff its well-typed ground normal forms do not
contain defined symbols.

| A\

A\

TRS not completely defined? ~ Add suitable terminating variant!
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Bird's Eye View

isort(xs’,ys) = ys | xs'=1
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insert(x,ys') = 24 x | ys'=1
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