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input size Why?
@ worst case upper bounds e tight bounds
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Generalizing Loops to prove...
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°

lower bounds for rc(n).
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lower bounds for rc(n). il0,ys) — s

rc(n): Length of longest derivation starting with a basic term of size m < n
Basic Terms
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Loops?
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Generalizing Loops

il(s(x),ys)—il(x,cons(x,ys)) J
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Generalizing Loops

il(x, ys)
i/(S(X),yS)—}I'/(X,COHS(X,yS)) J {x/s(x)} K// \\N {ys/cons(x,ys)}
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Generalizing Loops

il(x, ys)
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Generalizing Loops

il(x,ys)
(/500 " Ny {ys/cons(x,ys)}
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Generalizing Loops
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Generalizing Loops

il(x,ys)
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Decreasing Loops

Definition (Decreasing Loop)
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Decreasing Loops

Definition (Decreasing Loop)

@ / linear and basic

Theorem

If a TRS has a decreasing loop, then
rc(n) € Q(n).

v
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Definition (Decreasing Loop)

{
@ / linear and basic
Q’/ T1Yr T2 Y2 N>
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Y20

If a TRS has a decreasing loop, then
rc(n) € Q(n).

v

f(n(x,x)) = f(x)
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Exponential Bounds

Fibonacci
fib(s(s(x))) — p(fib(s(x)), fib(x)) J
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Exponential Bounds

fib(s(s(x))) — p(fib(s(x)), fib(x)) J

£ = fib(s(x))

0, N0

fib(s(s(x)))  —  Cl[fib(s(x))]
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Exponential Bounds

fib(s(s(x))) — p(fib(s(x)), fib(x))

0 = fib(s(x))
0, N0

fib(s(s(x)))l‘ —  Cl[fib(s(x))]

7 = fib(x)

AN
AN
u?

fib(s(s(x))) — C'[fib(x)]
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Another Example...

tr(n(x, y)) = n(tr(x), tr(y)) ]
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Another Example...

tr(n(x,y)) — n(tr(x), tr(y)) J
0= tr(x)

tr(n(x,y)) — C[tr(x)]
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Another Example...

tr(n(x, y)) —= n(tr(x), tr(y))

/Z = \tr(x) Z/ = fr(y)
tr(n(x.y)) —  Cltr() tr(n(x.y)) =  Clr(y)]
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Multiple Decreasing Loops

Eo_enﬁ/n — len—lﬁ/né

e a

Z Z’a_/bmeln — [6”6/"—16/

I=fib(s(x)) 7' =fib(x)
ek// \\Nw 0/ l<// \\xw
fib(s(s(x)))  — C[fib(s(x))] fib(s(s(x))) — C'[fib(x)]
12 /19
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Commutativity

00’ < 60
/Z = \tr(x) Zj = tr(y)
tr(n(x.y)) —  Cltr() tr(n(x.y)) - Cler(y)]
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Commutativity

00’ < 60
/Z = \tr(x) Zj = tr(y)
tr(n(x.y)) —  Cltr() tr(n(x.y)) - Cler(y)]

00" = {x/n(x,n(x,y)),...} #{x/n(x,y),...} =60
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Compatible Decreasing Loops

Definition
Two decreasing loops are compatible iff

@ o and ¢’ don't interfere with 6 and ¢’
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Two decreasing loops are compatible iff
@ 0 and ¢’ don't interfere with 6 and ¢’
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Compatible Decreasing Loops

Definition
Two decreasing loops are compatible iff

@ o and ¢’ don't interfere with 6 and ¢’
0 00 =00 )

Theorem
If a TRS has b compatible decreasing loops, then rc(n) € Q(b").
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|
Experiments (865 Examples)

AProVE without Decreasing Loops

re(n) | Q1) | Q(n) | Q(n?) | Q(n®) | Q(n3) | Q27) | Q(3") | Qw)
pu 192 | 572 73 14 1 12 1 -
AProVE with Decreasing Loops
re(n) | Q1) | Q(n) | Q(n?) | Q(n®) | Q(n3) | Q27) | Q(3") | Qw)
X 29 533 56 11 1 144 1 90
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Conclusion

@ Generalized Loops to prove linear lower bounds
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Conclusion

@ Generalized Loops to prove linear lower bounds
@ Generalized Loops to prove exponential lower bounds

@ Experimental results — applicable to almost all TRSs from TPDB
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Decidability

Consider the class of linear basic TRSs.

rc(n) € Q(n)

re(n) ¢ O(1)

narrowing basic terms does not terminate
rewriting infinite basic terms does not terminate

117
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Decidability

Consider the class of linear basic TRSs.

rc(n) € Q(n)
< rc(n) ¢ O(1)
<= narrowing basic terms does not terminate
<= rewriting infinite basic terms does not terminate

Let Raq be the TRS encoding the Turing machine M.
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Decidability

Consider the class of linear basic TRSs.

rc(n) € Q(n)
< rc(n) ¢ O(1)
<= narrowing basic terms does not terminate
<= rewriting infinite basic terms does not terminate

Let Raq be the TRS encoding the Turing machine M.

rewriting infinite basic terms does not terminate <= M is immortal
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Conclusion

o Generalized Loops to prove linear lower bounds

o Generalized Loops to prove exponential lower bounds

@ Experimental results — applicable to almost all TRSs from TPDB
@ Decidability of rc(n) € Q(n)
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Experiments (865 Examples)

Without Decreasing Loops

[rer(n) T [T ) @3 R [QB") [ Qw) ]
o(1) (34) - - - - - - -
O(n) 41 | 114 - - - - - -
O(n?) 5 10 3 - - - - -
o(n®) 1 1 1 1 - - - -
O(n>3) - 2 - - - - - -
02" - - - - - - - -
o(3") - - - - - - - -
O(w) 145 | 445 | 69 13 1 12 1 -

With Decreasing Loops

Lrer(n) [ Q@) [Q(n) [Q(r) [ () [ Q(n"%) [ Q(2") [ Q") [ Qw) |

o) [ 6GH - | - - - - -
O(n) 15 | 140 | - - - - - -
om || - | 15 | 3 - - - - -
o) | = [ 2 | 1 1 - B -
0(n>3) - 2 - - - - - -
o™ - - - - - - - -
o3 - - - - - - - -
O(w) @ [ 374 ] 52 | 10 1 @ 1 | %
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